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Abstract. Let A be a finite dimensional algebra over a field k and P be
a 2-term silting complex in Kb(projA). In this paper, we investigate the
representation dimension of EndDb(A)(P) by using the silting theory. We show
that if P is a separating silting complex with certain homological restriction,
then rep.dim A =rep.dim EndDb(A)(P). This gives a proper generalization of
the classical compare theorem of representation dimensions showed by Chen
and Hu. It is well-known that H0(P) is a tilting A/annA(P)-module. We also
show that rep.dim EndA(H
0(P)) =rep.dim A/annA(P) if P is a separating
and splitting silting complex.
1. Introduction
The concept of representation dimension was first introduced by Auslander [1]
in 1971. It is an important homological invariant in the representation theory.
He proved that an artin algebra A is representation-finite if and only if its rep-
resentation dimension at most two. It means that the representation dimension
gives a reasonable way of measuring how far an artin algebra is from being of fi-
nite representation type. In 1998, Reiten asked whether any artin algebra has a
finite representation dimension. After this, Iyama [15] gave a positive answer to
this question. Moreover, representation dimension of algebras is closely relative
to other homological conjectures, such as the finitistic dimension conjecture. In
particular, Igusa and Todorov [14] proved that if rep.dimA ≤ 3, then A has finite
finitistic dimension. However, it was unsure that whether the representation di-
mension of an artin algebra can be greater than three, until in 2005 Rouquier [19]
showed that representation dimension of an artin algebra may be arbitrarily large
and constructed examples of algebras with representation dimension larger than or
equal to four.
Up to now, the representation dimensions of several important classes of algebras
are known to be at most three, such as hereditary algebras [1], torsionless-finite al-
gebras [20], glued algebras [6], tilted algebras [2], quasi-tilted algebras [18], iterated
tilted algebras [12], special biserial algebras [11], cluster-concealed algebras [5], and
so on. In general, for a given artin algebra, it is difficult to know and compute the
actual value of its representation dimension. However, there is a wise strategy to
calculate the representation dimension by comparing two closely related algebras.
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2 YONGGANG HU
Then by the representation dimension of a known algebra, one can measure that
of unknown algebra. Along this philosophy, it is nature to consider comparing the
representation dimensions between algebra A and EndA(T ), where T is a classical
tilting right A-module. In this case, T induces two torsion pairs (T (T ), F(T )),
(X (T ), Y(T )) in modA and modEndA(T ), respectively. These torsion pairs split
the module categories into some different pieces. It turn out to be effective to
compute the representation dimension by using torsion pairs, see [12] and [7].
As a generalization of the classical tilting theory, the concept of silting complexes
originated from Keller and Vossieck. In particular, Hoshino [13] showed that 2-term
silting complexes can induce torsion pairs in module categories. More recently,
Buan and Zhou [8] gave a generalization of the classical tilting theorem, called
silting theorem. They described the relations of torison pairs between modA and
modB by using the natural equivalences induced by Hom and Ext functors, where
B = EndDb(A)(P) and P is a 2-term silting complex in K
b(projA). It provides
us with a basic framework to research the representation dimension by the silting
theory. For more important homological results on the 2-term silting complexes,
we refer the reader to [9] and [10].
In this paper, we consider the representation invariants induced by 2-term silting
complexes. In details, we focus on when the representation dimensions of A and
EndDb(A)(P) are coincide. Now, we present one of our main results as follows.
Theorem 1.1. Let A be a finite dimensional algebra and let P be a 2-term sepa-
rating silting complex in Kb(projA) such that IdAX ≤ 1 for each X ∈ F(P) and
B = EndDb(A)(P). Then rep.dimB =rep.dimA.
Applying this result into the classical tilting theory, we can obtain [7, Theorem
3.1]. Meanwhile, we give an example to illustrate that it is a proper generalization,
see Example 4.3.
On other hand, it is well-known that if P is a 2-term silting complex inKb(projA),
then H0(P) is a tilting A/annA(P)-module, where annA(P) is the annihilator of
H0(P). In general, we know that EndA(H
0(P)) is a factor algebra of EndA(P). It is
interesting to consider to describe the relationship of the representation dimensions
between EndA(H
0(P)) and A. Thus, we have the following results.
Proposition 1.2. Let A be a finite dimensional algebra and P be a 2-term split-
ting and separating silting complex in Kb(projA). Then rep.dimEndA(H
0(P)) =
rep.dimA/annA(P).
The paper is organized as follows. In Section 2, we recall some well-known results
on the silting theory and the representation dimension. In Section 3, we prove our
main results. In Section 4, we provide some examples to illustrate that anyone of
the conditions of Theorem 1.1 cannot be removed. In Section 5, we compare the
representation dimensions of EndA(H
0(P)) and A/annA(P).
2. Preliminaries
Let A be a finite dimensional k-algebra with k is a field. We denote by modA
the category of finitely generated right A-modules. Let D(−) = Homk(−, k) be
the k-duality. We denote by projA the full subcategory of modA generated by the
projective modules. Let Db(A) be the bounded derived category, with shift functor
Σ and Kb(projA) the bounded homotopy category of finitely generated projective
right A-modules.
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A complex P is said to be 2-term if P i = 0 for i 6= 0, 1. Recall that a 2-
term complex P in Kb(projA) is said to be silting if it satisfies the following two
conditions
(1) HomKb(projA)(P,ΣP)=0;
(2) thickP=Kb(projA) where thickP is the smallest triangulated subcategory
closed under direct summands containing P.
In addition, if P satisfies HomKb(projA)(P,Σ
−1P)=0, then P is said to be tilting.
Let P be a 2-term silting complex in Kb(projA), and consider the following two
full subcategories of modA
T (P) = { X ∈ modA | HomDb(A)(P,ΣX) = 0}
F(P) = { Y ∈ modA | HomDb(A)(P, Y ) = 0}.
Theorem 2.1. [8] Let P be a 2-term silting complex in Kb(projA), and let B =
EndDb(A)(P).
(1) C(P) is an abelian category and the short exact sequences in C(P) are pre-
cisely the triangles in Db(A) all of whose vertices are objects in C(P).
(2) The pair (T (P), F(P)) is a torsion pair in modA. The pair (ΣF(P), T (P))
is a torsion pair in C(P).
(3) HomDb(A)(P,−) : C(P)→ modB is an equivalence of abelian categories.
(4) There is a triangle
A→ P′ f−→ P′′ → ΣA
with P′, P′′ in addP.
Consider the 2-term complex Q in Kb(projB) induced by the map
HomDb(A)(P, f) : HomDb(A)(P,P
′) −→ HomDb(A)(P,P′′).
(5) Q is a 2-term silting complex in Kb(projB) such that
T (Q) = X (P) = HomDb(A)(P,ΣF(P))
F(Q) = Y(P) = HomDb(A)(P, T (P)).
(6) There is an algebra epimorphism ΦP : A→ A = EndDb(B)(Q).
(7) ΦP is an isomorphism if and only if P is tilting.
(8) Let Φ∗ : modA → modA be the inclusion functor. Then one obtains the
following picture, which also shows the quasi-inverse equivalences between
the pair (T (P), F(P)) and (T (Q), F(Q)).
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In what following, the symbol Q always denotes the induced complex Q. It is a
2-term silting complex in Kb(projB) such that the induced pair (T (Q),F(Q)) =
(X (P),Y(P)).
Definition 2.2. [8] Let P is a 2-term silting complex in Kb(projA).
(1) P is called splitting if the induced torsion pair (X (P), Y(P)) in modB is
split.
(2) P is called separating if the induced torsion pair (T (P), F(P)) in modA is
split.
Remark 2.3. [8] Let P be a 2-term silting complex in Kb(projB).
(1) P is splitting if and only if Ext2A(T (P),F(P)) = 0.
(2) If P is separating, then P is a tilting complex.
(3) Suppose that P is both splitting and separating. In this case, Q is a
separating silting complex and so, it is a tilting complex. Then, A ∼=
EndDb(B)(Q). In this case, (X (Q),Y(Q)) = (T (P),F(P)). Then Q is also
a splitting silting complex.
Lemma 2.4. [8] Let P be a 2-term silting complex in Kb(projA) and (T (P), F(P))
be the induced torsion pair in modA. Then the following hold.
(1) For any X ∈ modA, X ∈ addH0(P) if and only if X is Ext-projective in
T (P).
(2) For any X ∈ modA, X ∈ addH−1(νP) if and only if X is Ext-injective in
F(P).
Let M be a module in modA. M is said to be a generator of modA if A ∈ addM .
Dually, one can define the cogenerator. The representation of algebra A is defined
as
rep.dimA =inf{ gl.dim(EndA(M)) | M a generator and cogenerator of modA}.
Lemma 2.5. ([1],[11, Lemma 2.1]) Let A be an algebra, n be a non-negative in-
teger at least 2 and M be a generator-cogenerator for modA. Then the following
statements are equivalent:
(1) gl.dim(EndA(M)) ≤ n+ 2,
(2) For each A-module X, there exists an exact sequence
0→Mn →Mn−1 → · · · →M0 −→ X → 0
with Mi in addM for all i, such that the induced sequence
0→ HomA(M,Mn)→ · · · → HomA(M,M1)→ HomA(M,X)→ 0
is exact.
(3) For each A-module X, there exists an exact sequence
0→ X →M0 → · · · →M1 →Mn → 0
with Mi in addM for all i, such that the induced sequence
0→ HomA(Mn,M)→ · · · → HomA(M0,M)→ HomA(X,M)→ 0
An A-module M is said to be an Aulsander generator of modA if it satisfies that
gl.dim(EndA(M))=rep.dimA.
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3. Main result
In this section, we will compare the the representation dimensions of A and
EndDb(A)(P).
The following result was proved in [13], in the setting of abelian categories with
arbitrary coproducts. Indeed, it is also true in our case. The proof of the following
lemma has contained in [8]. For convenience, we provide the details of proof here.
Lemma 3.1. For any X ∈ modA, HomDb(A)(P,ΣiX) = 0 for any i < 0 and i > 1.
Proof . It is easy to check that HomDb(A)(P,Σ
iX) = 0 for any i > 1. Now we prove
the former case. Assume that P : P−1 d−→ P 0 where all P i are finitely generated
projective modules. Then there is a distinguished triangle
P−1 −d−−→ P 0 → P→ ΣP−1. (3.1)
Applying the functor HomDb(A)(−,ΣiX) = 0 to the sequence 3.1, we have the
following sequence
· · · → HomDb(A)(ΣP−1,ΣiX)→ HomDb(A)(P,ΣiX)→ HomDb(A)(P 0,ΣiX)→ · · ·
Note that for any i < 0, HomDb(A)(ΣP
−1,ΣiX) = HomDb(A)(P 0,ΣiX) = 0. There-
fore, HomDb(A)(P,Σ
iX) = 0 for any i < 0. 
Next, we shall character the right B-module EndA(H
0(P)).
Lemma 3.2. Let P be a 2-term splitting silting complex in Kb(projA) and B =
EndDb(A)(P). Then the right B-module EndA(H
0(P)) is projective. In particular,
B ∼= HomDb(A)(P,H0(P))⊕HomDb(A)(P,ΣH−1(P)).
Proof . Let X be an indecomposable right B-module. Since P is a splitting silting
complex, X ∈ X (P) orX ∈ Y(P). Note that EndA(H0(P)) ∼= HomDb(A)(P,H0(P))
which is in Y(P) as right B-module since H0(P) ∈ T (P). If X ∈ X (P), then,
we get the isomorphism Ext1B(EndA(H
0(P)), X) ∼= DHom(τ−1X,EndA(H0(P)) by
AR-formula. Since (X (P), Y(P)) is split and X ∈ X (P), τ−1X ∈ X (P) and hence,
Ext1B(EndA(H
0(P), X) = 0. If X ∈ Y(P), then there exists a right A-module
X ′ ∈ T (P) such that X ∼= HomDb(A)(P, X ′). For any short exact sequence
0→ HomDb(A)(P, X ′)→ U → HomDb(A)(P,H0(P))→ 0 (3.2)
in Ext1B(EndA(H
0(P), X), U ∈ Y(P) since the first and third terms are in Y(P)
and there exists U ′ ∈ T (P) such that U ∼= HomDb(A)(P, U ′). It follows that there
is an exact sequence
0→ X ′ → U ′ → H0(P)→ 0 (3.3)
in modA. Note that H0(P) is an Ext-projective module in T (P). Thus, the se-
quence (3.3) splits. It yields that the sequence (3.2) splits. Hence, we have that
HomDb(A)(P,H
0(P)) is projective in modB.
Note that for any 2-term complex Y in Db(A), there is a triangle
ΣH−1(Y)→ Y→ H0(Y)→ Σ2H−1(Y).
Applying HomDb(A)(P,−) to the triangle
ΣH−1(P)→ P→ H0(P)→ Σ2H−1(P),
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we get the following long exact sequence of right B-modules
· · · →HomDb(A)(P,Σ−1H0(P))→ HomDb(A)(P,ΣH−1(P))→ HomDb(A)(P,P)
→HomDb(A)(P,H0(P))→ HomDb(A)(P,Σ2H−1(P))→ · · · .
By Lemma 3.1, we get a short exact sequence
0→ HomDb(A)(P,ΣH−1(P))→ HomDb(A)(P,P)→ HomDb(A)(P,H0(P))→ 0.
The result follows form that HomDb(A)(P,H
0(P)) is projective. 
Lemma 3.3. Let P be a 2-term tilting complex in Kb(projA). Then νP ∈ C(P).
In this case, H0(νP) ∈ T (P) and H−1(νP) ∈ F(P).
Proof . It suffices to show that νP ∈ D≤0(P) ∩ D≥0(P). The result follows from
the following equations
HomDb(A)(P,Σ
iνP) = HiHom•(P, νP)
∼= HiD(P∗ ⊗•A P)
∼= HiDHom•(P,P)
∼= DH−iHom•(P,P)
∼= DHomDb(A)(P,Σ−iP).
The rest results are from [4, Lemma 2.13]. 
Dually, we can describe the right B-module HomDb(A)(P,ΣH
−1(νP)).
Lemma 3.4. Let P be a 2-term splitting silting complex in Kb(projA) and B =
EndDb(A)(P). Then the right B-module HomDb(A)(P,ΣH
−1(νP)) is an injective
module. In this case, DB ∼= HomDb(A)(P,ΣH−1(νP))⊕HomDb(A)(P,H0(νP)).
Proof . It is easy to check that DB = HomDb(A)(P, νP). Since H
−1(νP) ∈ F(P),
we know that HomDb(A)(P,ΣH
−1(νP)) ∈ X (P). If Y ∈ X (P), then, we get the
isomorphism
Ext1B(Y,HomDb(A)(P,ΣH
−1(νP))) ∼= DHomB(HomDb(A)(P,ΣH−1(νP)), τY )
by AR-formula. Since (X (P), Y(P)) is split and Y ∈ Y(P), τY ∈ Y(P) and hence,
Ext1B(Y,HomDb(A)(P,ΣH−1(νP))) = 0. If Y ∈ X (P), then there exists a right
A-module Y ′ ∈ F(P) such that X ∼= HomDb(A)(P,ΣY ′). For any short exact
sequence
0→ HomDb(A)(P,ΣH−1(νP))→ V → HomDb(A)(P,ΣY ′)→ 0 (3.4)
in Ext1B(Y,HomDb(A)(P,ΣH
−1(νP))), V ∈ X (P) since the first and third terms are
in X (P) and there exists V ′ ∈ F(P) such that V ∼= HomDb(A)(P,ΣV ′). It follows
that there is an exact sequence
0→ H−1(νP)→ V ′ → Y ′ → 0 (3.5)
in F(P). Note that H−1(νP) is an Ext-injective module in F(P). Thus, the
sequence (3.5) splits. It yields that the sequence (3.4) splits. Thus, we know that
HomDb(A)(P,ΣH
−1(νP)) is injective in modB.
Applying HomDb(A)(P,−) to the triangle
ΣH−1(νP)→ νP→ H0(νP)→ Σ2H−1(νP),
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we get the following long exact sequence of right B-modules
· · · →HomDb(A)(P,Σ−1H0(νP))→ HomDb(A)(P,ΣH−1(νP))→ HomDb(A)(P, νP)
→HomDb(A)(P,H0(νP))→ HomDb(A)(P,Σ2H−1(νP))→ · · · .
By Lemma 3.1, we get a short exact sequence
0→ HomDb(A)(P,ΣH−1(νP))→ HomDb(A)(P, νP)→ HomDb(A)(P,H0(νP))→ 0.
The result follows form that HomDb(A)(P,H
−1(νP)) is injective. 
Proposition 3.5. Let A be a finite dimensional algebra and let P be a 2-term
silting complex in Kb(projA) such that IdAX ≤ 1 for each X ∈ F(P) and B =
EndDb(A)(P). Then P is separating if and only if for any M ∈ X (P), PdBM ≤ 1.
Proof . For the necessity, it is enough to prove that PdBM ≤ 1, for any module
M ∈ T (Q).
By the assumption, we know that P is a splitting silting complex. Since P is
a separating silting complex, then P is a tilting complex and hence, Q is a tilting
complex. Then A ∼= EndDb(B)(Q). Moreover, the torsion pairs (T (P), F(P)) and
(T (Q), F(Q)) are split in modA and modB, respectively.
Since (T (Q), F(Q)) is split, for any indecomposable N ∈ modB, N ∈ T (Q) or
N ∈ F(Q). If N ∈ F(Q), then
Ext2B(M,N)
∼= HomDb(B)(M,Σ2N)
= HomDb(B)(M,Σ(ΣN)) (by Theorem 2.1(1))
∼= Ext1A(HomDb(B)(Q,M),HomDb(B)(Q,ΣN)) (by Theorem 2.1(2)).
Note that HomDb(B)(Q,ΣN) ∈ T (P) and HomDb(B)(Q,M) ∈ F(P). Since
(T (P), F(P)) is split, Ext1A(HomDb(B)(Q,M),HomDb(B)(Q,ΣN)) = 0. Thus,
Ext2B(M,N) = 0. If N ∈ T (Q), then
Ext2B(M,N)
∼= HomDb(B)(M,Σ2N)
∼= HomDb(A)(HomDb(B)(Q,M),Σ2HomDb(B)(Q, N))
∼= Ext2A(HomDb(B)(Q,M),HomDb(B)(Q, N)).
Since HomDb(B)(Q, N) ∈ F(P), by the assumption on F(P), we have that
Ext2A(HomDb(B)(Q,M),HomDb(B)(Q, N)) = 0
and hence Ext2B(M,N) = 0. Then the claim holds.
For the sufficiency, assume that X ∈ F(P) and Y ∈ T (P). It suffices to show
that Ext1A(X,Y ) = 0. Indeed, we have the following isomorphisms
Ext1A(X,Y )
∼= HomDb(A)(X,ΣY )
∼= HomDb(A)(ΣX,Σ2Y )
∼= HomDb(B)(HomDb(A)(P,ΣX),Σ2HomDb(A)(P, Y ))
∼= Ext2B(HomDb(A)(P,ΣX),HomDb(A)(P, Y )).
Note that HomDb(A)(P,ΣX) ∈ X (P). By the assumption, we know that the projec-
tive dimension of HomDb(A)(P,ΣX) at most 1. It implies that Ext
1
A(X,Y ) = 0. 
Dually, one can prove the following result.
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Proposition 3.6. Let A be a finite dimensional algebra and let P be a 2-term
silting complex in Kb(projA) such that PdAX ≤ 1 for each X ∈ T (P) and B =
EndDb(A)(P). Then P is separating if and only if for any N ∈ Y(P), idBN ≤ 1.
In what follows, for convenience, we denote byH(−) the functor HomDb(A)(P,−)
and by E(−) the functor HomDb(A)(P,Σ−).
Lemma 3.7. Let A be a finite dimensional algebra and let P be a 2-term separating
silting complex in Kb(projA) such that IdAX ≤ 1 for each X ∈ F(P) and B =
EndDb(A)(P). Suppose that M is a generator of modA and N = B ⊕ H(M) ⊕ Y
with Y ∈ X (P). Then PdEndB(N)HomB(N,H(U)) ≤ PdEndA(M)HomB(M,U) for
any U ∈ T (P).
Proof . If PdEndA(M)HomB(M,U) = ∞, then the result holds. Otherwise, we
assume that PdEndA(M)HomB(M,U) = n < ∞. Since M is a generator of modA,
there is an addM -resolution of U , that is, there is a long exact sequence
0→Mn fn−→ · · · →M1 f1−→M0 f0−→ U → 0
such that it keeps exact after applying HomA(M
′,−) with M ′ ∈ addM . Then there
are a family of short each short exact sequences
0→ Ki+1 ηi−→Mi fi−→ Ki → 0
for i = 0, 1, · · · , n−1, where K0 = U , Kn = Mn, Kj = Kerfj for j = 1, 2, · · · , n−1
and fi are right addM -approximations. Applying the functor H to these sequences,
we obtain a long exact sequence
0→ H(Ki+1) H(ηi)−−−−→ H(Mi) H(fi)−−−→ H(Ki)→ E(Ki+1)→ E(Mi)→ E(Ki)→ 0
Set Ωi = CokerH(fi). Then we get a long exact sequence
0→ Ωi → E(Ki+1)→ E(Mi)→ E(Ki)→ 0
Note that E(Ki+1), E(Mi), E(Ki) are in X (P). Then by Proposition 3.5, we know
that the projective dimensions of E(Ki+1), E(Mi), E(Ki) are at most 1. Thus,
PdBΩi ≤ 1. Assume that 0 → B1i
βi−→ B0i αi−→ Ωi → 0 is the projective resolu-
tion of Ωi with B
j
i ∈ addB. Then we obtain the following commutative diagram
0

0

0

0 // H(Ki+1)
H(ηi)

[ 10 ] // H(Ki+1)⊕B1i[H(ηi) 0
0 βi
]

[ 0 1 ] // B1i //
βi

0
0 // H(Mi)
H(fi)

[ 10 ] // H(Mi)⊕B0i
[H(fi) µi ]

[ 0 1 ] // B0i //
αi

0
0 // ImH(fi) η //

H(Ki)

pi // Ωi //

0
0 0 0
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where the existence of the morphism µi is from the projectiveness of B
0
i . Let
σi = [H(fi) µi ]. Then we have a short exact sequence
0→ H(Ki+1)⊕B1i → H(Mi)⊕B0i σi−→ H(Ki)→ 0.
Next, we claim that the above sequence keeps exact after applying HomB(N
′,−)
for any N ′ ∈ addN . It suffices to show that the induced map
HomB(N
′,H(Mi)⊕B0i )→ HomB(N ′,H(Ki))
is surjective for N ′ ∈ addY or N ′ ∈ addH(M). If N ′ ∈ addY , then we know that
HomB(N
′,H(Ki)) = 0 since N ′ ∈ X (P) and H(Ki) ∈ Y(P). Now assume N ′ ∈
addH(M) and N ′ is a nonzero object. Then there is a module M ′ ∈ addM ⋂ T (P)
such that N ′ = H(M ′). Then we have the following isomorphisms
HomB(N
′,H(Ki)) = HomB(H(M ′),H(Ki))
∼= HomB(H(M ′),H(tKi))
∼= HomB(M ′, tKi)
∼= HomB(M ′,Ki)
Thus, for any g ∈ HomB(N ′,H(Ki)), there is a morphism g′ : M ′ → Ki such
that g = H(g′). Since fi is a right addM -approximation, there is a morphism
h : M ′ →Mi such that fih = g′. Then we have the following commutative diagram
H(M ′)
H(g′)

[H(h)0 ]
uu
H(Mi)⊕B0i
[H(fi) µi ] // H(Ki)
.
Then the claim holds.
Now, we can construct a long exact sequence
0→ Nn → · · · → N1 → N0 → H(U)→ 0
such that it keeps exact after applying HomB(N,−), where Nn = H(Mn)⊕B1n−1,
N0 = H(M0)⊕B00 and Ni = H(Mi)⊕B0i ⊕B1i−1 for i = 1, 2, · · · , n− 1. Therefore,
PdEndB(N)HomB(N,H(U)) ≤ n. 
Dually, we have the following lemma.
Lemma 3.8. Let A be a finite dimensional algebra and let P be a 2-term sep-
arating silting complex in Kb(projA) such that PdAX ≤ 1 for each X ∈ T (P)
and B = EndDb(A)(P). Suppose that M is a cogenerator of modA and N =
DB⊕E(M)⊕ Y with Y ∈ F(P). Let Λ = EndB(N)op and Γ = EndA(M)op. Then
PdΛHomB(E(U), N) ≤ PdΓHomB(U,M) for any U ∈ F(P).
Lemma 3.9. Let A be a finite dimensional algebra and P be a 2-term separating
silting complex in Kb(projA) and B = EndDb(A)(P). If Y is a non-projective
indecomposable direct summand of H0(P) and 0→ τY → U → Y → 0 is an almost
split sequence, then U ∈ add(H0(P)⊕H−1(νP)).
Proof . Since P is separating, we can assume that U ∼= K⊕L with K ∈ T (P) and
L ∈ F(P). The the prove can be divided into two cases.
Case 1. Let K ′ be an indecomposable direct summand of K. To prove K ′ ∈
addH0(P), it suffices to show that K ′ is Ext-projective in T (P) by Lemma 2.4. If
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K ′ is projective, then there is nothing to prove. Assume that K ′ is not projective.
Note that there is an irreducible map τY → K ′. Then there is an irreducible map
τK ′ → τY . Since τH0(P) ∈ F(P) and F(P) is closed under the predecessors,
τK ′ ∈ F(P). Hence, K ′ is Ext-projective in T (P).
Case 2. Let L′ be an indecomposable direct summand of L. To prove L′ ∈
addH−1(νP)), it suffices to show that K ′ is Ext-injective in F(P) by Lemma 2.4.
If L′ is injective, then there is nothing to prove. Assume that L′ is not injective.
Note that there is an irreducible map L′ → Y . Then there is an irreducible map
Y → τ−1L′. Since H0(P) ∈ T (P) and T (P) is closed under the successors, τ−1L′ ∈
T (P). Hence, L′ is Ext-injective in F(P). 
Lemma 3.10. Let A be a finite dimensional algebra and P be a 2-term silt-
ing complex in Kb(projA) such that IdAX ≤ 1 for each X ∈ F(P) and B =
EndDb(A)(P). Then HomB(E(I), E(X)) = 0 where I ∈ F(P) is an injective mod-
ule, X /∈ addH−1(νP) and X ∈ F(P) is indecomposable.
Proof . It suffices to show that HomA(I,X) = 0. Assume that HomA(I,X) 6= 0.
Then for any nonzero morphism u : I → X. It is easy to see that u is not injective.
If u is surjective, then there is a short exact sequence 0 → Keru → I → X → 0
in F(P). By the assumption on F(P), we know that X is injective and hence
Ext-injective in F(P). It is impossible. Hence, u is not surjective. We consider the
short exact 0 → Keru → I → Imu → 0. Then Imu is an injective module. Since
Imu is a nonzero injective module, the inclusion map Imu → X is split. It makes
a contradiction. Therefore HomA(I,X) = 0. 
Lemma 3.11. Let A be a finite dimensional algebra and P be a 2-term separating
silting complex in Kb(projA) such that IdAX ≤ 1 for each X ∈ F(P) and B =
EndDb(A)(P). Then HomB(E(τH0(P)), E(X)) = 0 where X /∈ addH−1(νP) and
X ∈ F(P).
Proof . Assume that X is indecomposable. It has shown that E(H−1(νP)) is an
injective B-module by Lemma 3.4. Now assume that Z is is a non-projective
indecomposable direct summand of H0(P). Then there is an AR-sequence
0 // τZ
[ fg ] // T ⊕Q // Z // 0 .
with T ∈ addH0(P) and Q ∈ addH−1(νP).
Next, we claim that E(g) : E(τZ)→ E(Q) is a minimal left almost split sequence.
It is easy to check that E(g) is a left minimal morphism. Next we shall show that
E(g) is a left almost split morphism. Let W be an indecomposable B-module and
h : E(τZ) → W be not split monomorphism. Clearly, W ∈ X (P) and hence W ∼=
E(V ) for some indecomposable A-module V ∈ F(P). Thus, there is a morphism
h′ : τZ → V such that E(h′) = h. Since [ fg ] is a left almost split morphism, we
have the following commutative diagram
τZ
h′

[ fg ] // T ⊕Q
[ s t ]{{
V
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Note that HomA(T, V ) = 0 since T ∈ T (P). Thus, s = 0 and so, h′ = tg. Then
h = E(h′) = E(t)E(g).
Now, we focus on Q. Note that H−1(νP) = τH0(P) ⊕ P where P ∈ F(P) is a
projective A-module. If P ∈ addτH0(P), then Q = τZ ′ for some Z ′ ∈ addτH0(P).
Suppose that P /∈ addτH0(P). In this case, we claim that P is also an injective
A-module. Since τ−1H−1(νP) ∈ addH0(P). Then τ−1P ∈ H0(P). If τ−1P is a
nonzero module, then ττ−1P ∼= P ∈ addτH0(P). It yields a contradiction. Thus,
the claim holds. In this case, Q ∼= τZ ′′ ⊕ I where Z ′′ ∈ addH0(P) and I ∈ addP .
We assume that Q ∼= τZ ′′⊕ I. Now, we can prove that HomB(E(τZ), E(X)) = 0
for X /∈ addH−1(νP) and X ∈ F(P). Let u ∈ HomB(E(τZ), E(X)). Then u is not
spit monomorphism. Hence, we have the following commutative diagram
E(τZ)
u

E(g)=[αβ ]// E(τZ ′′)⊕ E(I)
[ γ δ ]xx
E(X)
By Lemma 3.10, δ = 0 and so, γα = u. Since E(τZ) ∈ addE(H−1(νP)), E(τZ) is
injective. It follows that E(Q) ∼= E(τZ)/SocE(g). Then the length l(E(Q)) of E(Q)
smaller than that of E(τZ). Using the induction on the length of l(τZ), we know
that HomB(E(τZ), E(X)) = 0. It completes the proof. 
Dually, we have the following result.
Lemma 3.12. Let A be a finite dimensional algebra and P be a 2-term separating
silting complex in Kb(projA) such that PdAX ≤ 1 for each X ∈ T (P) and B =
EndDb(A)(P). Then HomB(H(X),H(H0(P))) = 0 where X /∈ addH0(P) and X ∈
T (P).
Now, we are in position to prove our main result.
Theorem 3.13. Let A be a finite dimensional algebra and let P be a 2-term sep-
arating silting complex in Kb(projA) such that IdAX ≤ 1 for each X ∈ F(P) and
B = EndDb(A)(P). Then rep.dimB =rep.dimA.
Proof . Assume that P = P−1 → P0. Consider the following exact sequence
0→ H−1(νP)→ νP−1 → νP0 → H0(νP)→ 0.
By the assumption on F(P) and H−1(νP) ∈ F(P), then H0(νP) is an injective A-
module. Now, let M be the Auslander generator of A such that gl.dimEndA(M) =
rep.dimA = n+ 2.
Since P is a separating silting complex, we have M ∼= MT ⊕MF with MT ∈
addM
⋂ T (P) and MF ∈ addM ⋂F(P). Then by Lemma 3.3, H0(νP) ∈ addMT .
Now, we set a B-module
N = B ⊕H(MT )⊕ E(MF )⊕ E(H−1(νP)).
By Lemma 3.4, we know that DB = E(H−1(νP))⊕H(H0(νP)). Thus, DB ∈ addN .
It implies that N is a generator and cogenerator of modB. Let Λ = EndB(N)
and Γ = EndA(M). Next, we shall prove that gl.dimΛ ≤gl.dimΓ. It suffices
to show that PdΛHomB(N,X) ≤ n for any indecomposable B-module X. Since
(X (P),Y(P)) is a splitting torsion pair, X ∈ X (P) or X ∈ Y(P). If X ∈ Y(P),
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then there exists a module U ∈ T (P) such that X ∼= H(U). By Lemma 3.7, we
have PdΛHomB(N,H(U)) ≤ PdΓHomA(M,U) ≤ n. If X ∈ X (P), then there
exists a module V ∈ F(P) such that X ∼= E(V ). If V ∈ addH−1(νP), then
HomB(N, E(V )) ∈ addΛ and so, PdΛHomB(N,X) = 0 ≤ n. Assume that V /∈
addH−1(νP). We assume that m ≤ n is the maximal integer such that there is a
minimal addM -resolution of V
0→Mm → · · · →M1 →M0 → V → 0
with all Mi ∈ addM . In other words, for each 0 ≤ i ≤ m−1, we have a short exact
sequence
0→ Ki+1 →Mi fi−→ Ki → 0
where fi is a right minimal addM -approximation, K0 = V and Km = Mm. Since
F(P) is closed under the predecessors, Ki and Mi are in F(P). Hence, any Ki
does not lie in addH−1(νP) since H−1(νP) is Ext-injective in F(P). Applying H
to these short exact sequences, we have
0→ E(Ki+1)→ E(Mi) E(fi)−−−→ E(Ki)→ 0
for 0 ≤ i ≤ m− 1.
Next, we claim that these above induced sequences keep exact after applying
HomB(N
′,−) for each indecomposable direct summand N ′ of N . Since P is
splitting, N ′ ∈ Y(P) or N ′ ∈ X (P). If N ′ ∈ Y(P), then by AR-formula, we
have Ext1B(N
′, E(Ki+1)) = DHomB(E(Ki+1), τN ′) = 0 for 0 ≤ i ≤ m − 1 since
τN ′ ∈ Y(P) and E(Ki+1) ∈ X (P). Thus, in this case, the claim holds. Now, we
assume that N ′ ∈ X (P). If N ′ ∈ E(MF ), then there exists N ′′ ∈ addMF such that
E(N ′′) ∼= N ′. Then we have the following commutative diagram
HomB(E(N ′′), E(Mi))
∼=

// HomB(E(N ′′), E(Ki))
∼=

HomB(N
′′,Mi)
HomB(N ′′,fi)// HomB(N ′′,Ki) // 0
Thus, the upper row is surjective and the claim holds. We considerN ′ ∈ E(H−1(νP)).
Note that H−1(νP) ∼= τH0(P) ⊕ P with P ∈ addA⋂F(P) ⊆ addMF . If N ′ ∈
addE(P ), then there is noting to prove. We assume that N ′ ∈ addE(τH0(P)). By
Lemma 3.11, we know that HomB(N
′, E(Ki)) = 0. Hence, the claim holds.
Therefore, there is a long exact sequence
0→ HomB(N, E(Mm))→ · · · → HomB(N, E(M0))→ HomB(N, E(V ))→ 0
where all E(Mi) ∈ addN . This implies that PdΛHomB(N, E(V )) ≤ m ≤ n
and so PdΛHomB(N,X) ≤ n for any X ∈ modB. Then, gl.dimEndB(N) ≤
n+ 2 =gl.dimEndA(M) =rep.dimA. Therefore, rep.dimB ≤rep.dimA.
Assume that Θ is an Aulsander generator of modB and the induced silting
complex Q = Q−1
σ−→ Q0 with Qi ∈ projB. Since Q is a separating silting complex,
we can write Θ = ΘT ⊕ ΘF where ΘT ∈ addΘ
⋂ T (Q) and ΘF ∈ addΘ⋂F(Q).
We consider the following exact sequence in modB
0→ H−1(Q)→ Q−1 σ−→ Q0 → H0(Q)→ 0.
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Since H0(Q) ∈ T (Q) = X (P), by Proposition 3.5, we have PdBH0(Q) ≤ 1 and
so, H−1(Q) is a projective B-module. By [13, Proposition 5.4], H−1(Q) ∈ addΘF .
Now, we define an A-module
Θ′ = DB ⊕ E(ΘF )⊕H(ΘT )⊕H(H0(Q)).
By Lemma 3.2, we know that A ∼= EndB(Q) = H(H0(Q)) ⊕ E(H−1(Q)) ∈ addΘ′.
Hence, Θ′ is a generator and cogenerator of modA. Dually, we apply Lemma 2.5(3),
Proposition 3.6, Lemma 3.8 and Lemma 3.12 to the 2-term silting complex Q in
Kb(projB) and Θ′. Then we obtain rep.dim A=rep.dim EndB(Q) ≤ rep.dim B.
Therefore, rep.dim A= rep.dim B. 
The following result is directly from Theorem 3.13.
Corollary 3.14. Let A be a finite dimensional hereditary algebra. If P is a 2-term
separating stilting complex with B = EndDb(A)(P), then rep.dim B ≤3. Moreover,
if A is representation-finite, then B is also representation-finite.
Let T be a classical tilting right A-module. If one take P as the projective
resolution of T , then P is a 2-term silting complex such that T (P) = T (T ) =
KerExt1A(T,−) and F(P) = F(T ) = KerHomA(T,−). Moreover, one can see that
(X (P), Y(P))=(X (T ), Y(T )) in modB, where B = EndA(T ) = EndDb(A)(P). It
is easy to prove that P is separating when T is separating. If T is splitting, then
IdAX ≤ 1 for any X ∈ F(T ) = F(P). Thus, we have the following consequence.
Corollary 3.15. [7, Theorem 3.1] Let A be a finite dimensional algebra and B =
EndA(T ). If T is a separating and splitting tilting A-module, then rep.dim A=
rep.dim B.
4. Examples
Firstly, we would like to give two examples to illustrate that anyone of the
conditions of Theorem 3.13 cannot be removed.
Example 4.1. Let A be a path algebra over a filed k and its quiver QA given by
2
  
1 4
^^
  
3
^^
Set a right A-module T = 1 ⊕
4
3
1
⊕
4
2
1
⊕ 4. It is easy to see that T is a tilting
module. Let P be the projective resolution of T . Then P is a 2-term silting
complex. Since A is a hereditary algebra, P is a splitting silting complex. Then
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B = EndDb(A)(P) = EndA(T ) is given by the quiver QB
2
β
  
1 4
α
^^
γ
  
3
δ
^^
with relations αβ = 0 and γδ = 0. The AR-quiver of modB is given by
2
1

3

4
2

1
BB

2 3
1
@@

4
2 3
@@

4
3
1
@@
2
@@
4
3
BB (4.1)
where the dot lines are the τ -orbits. The induced splitting torsion pair (X (P),
Y(P)) in modB is given by
X (P) = { 4
2
,
4
3
, 4 }
Y(P) = { 1 , 2
1
,
3
1
,
2 3
1
, 3 , 2 ,
4
2 3
}
Note that pdBS(4) = 2 > 1 where S(4) ∈ X (P) is a simple B-module corresponding
to the vertex 4 of QB . Thus, by Lemma 3.5, P is not a separating silting complex.
It is easy to see that rep.dimB = 2 <rep.dimA = 3.
The following example given by [4]. Due to this example, we can see that the
homological dimension restriction on F(P) cannot be removed.
Example 4.2. Let A be a k-algebra given by the following quiver
2
β
  
1 4
α
^^
γ
  
3
δ
^^
with relations αβ = 0 and γδ = 0. Then the AR-quiver of modA is form as the
graph (4.1). There is a splitting torsion pair (T , F) in modA
T = { 4
2 3
,
4
2
,
4
3
, 4 }
F = { 1 , 2
1
,
3
1
,
2 3
1
, 3 , 2 }.
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The 2-term silting complex P is given by the direct sums of the following complexes
in Kb(projA)
P1 = 0 → 42 3
P2 =
3
1
→ 4
2 3
P3 =
2
1
→ 4
2 3
P4 = 1 → 0 .
In this case, T = T (P) and F = F(P). Thus, the silting complex P is separating.
Moreover, the endomorphism algebra B = EndDb(A)(P) is a path algebra given by
the following quiver, whose underlying graph is a Euclidean graph of A˜3
2
   
1 4
3
^^ @@
Thus, EndDb(A)(P) is representation-infinite. Thus, rep.dimA = 2 <rep.dimB = 3.
Note that idAS(1) = 2 where S(1) ∈ F(P) is a simple A-module corresponding
to the vertex 1. Therefore, the separating silting complex P does not satisfy the
homological dimension restriction on F(P).
Secondly, we should illustrate that Theorem 3.13 gives a proper generalization
of the result in [7]. It means that one can find a 2-term silting complex P satisfying
the assumption in Theorem 3.13, but it cannot be induced by a tilting module. In
fact, this silting complex is not rare.
Example 4.3. Let A be a path algebra given by the following quiver
3 // 2 // 1
The AR-quiver is given by
1

2

3
2
1
??

3
2
??
3
2
1
BB
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Then one can take a splitting torsion pair (T , F) as follows.
T = { 2 , 3
2
, 3 }
F = { 1 , 2
1
,
3
2
1
}
Note that this torsion pair cannot be induced by tilting modules in modA. Let P be
a 2-term complex given by the direct sums of the following complex in Kb(projA)
P1 = 1 → 21 P2 = 1 →
3
2
1
P3 =
3
2
1
→ 0
It is easy to check that P is a silting complex such that T = T (P) and F = F(P).
Thus, P is a separating silting complex. It is not difficult to see that P is not
a projective resolution of a tilting module. Since A is a hereditary algebra, by
Theorem 3.13, EndDb(A)(P) is also representation-finite.
5. The representation dimension of EndA(H
0(P))
Let A be a finite dimensional algebra and P be a silting complex in Kb(projA).
We set A = annA(P) the annihilator of H
0(P). It is well-known that H0(P) is a
tilting A/A-module see [4, Lemma 3.1]. We denote by FacM is a full subcategory
consisting of all factor modules of the finite copies of a A-module M , i.e
FacM = { X ∈ modΛ | M (n)  X for some integer n }.
Proposition 5.1. Let A be a finite dimensional algebra and P be a 2-term split-
ting and separating silting complex in Kb(projA). Then H0(P) is a splitting and
separating tilting A/A-module.
Proof . Firstly, we prove that H0(P) is a splitting tilting A/A-module.
The canonical full embedding modA/A ↪→ modA induces Fac(H0(P)A/A) =
Fac(H0(P)A). Since H
0(P) is a tiltingA/A-module, T (H0(P)A/A) = Fac(H0(P)A/A).
It is well-known that T (P) = Fac(H0(P)A). Hence, T (H0(P)A/A) = T (P). For
any indecomposable Y ∈ modA/A. There is a short exact sequence in modA/A
0→ Y → E(Y )→ Ω−1A/A(Y )→ 0 (5.1)
where E(Y ) is the injective hull of Y and Ω−1A/A(Y ) is the 1-th cosyzygy of Y . Note
that D(A/A) ∈ T (H0(P)A/A). Then, Ω−1A/A(Y ) ∈ T (H0(P)A/A) and so Ω−1A/A(Y ) ∈
T (P) as a right A-module.
Assume that Y ∈ F(H0(P)A/A). We claim that idA/AY ≤ 1. It suffices to prove
that Ext2A/A(X,Y ) = 0 for any indecomposable A/A-module X.
Since P is separating, (T (P), F(P)) is splitting. Note that X is also an inde-
composable A-module. Then X is either in F(P) or T (P).
Assume that X ∈ F(P). Applying HomA/A(X,−) to the sequence (5.1), we
have the exact sequence
Ext1A/A(X,Ω
−1
A/A(Y ))→ Ext2A/A(X,Y )→ Ext2A/A(X,E(Y ))
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Note that there is a natural monoic map Ext1A/A(X,Ω
−1
A/A(Y )) ↪→ Ext1A(X,Ω−1A/A(Y ))
see [17]. Since Ω−1A/A(Y ) ∈ T (P), we have Ext1A(X,Ω−1A/A(Y )) = 0 and hence,
Ext1A/A(X,Ω
−1
A/A(Y )) = 0. It implies that Ext
2
A/A(X,Y ) = 0.
Now we assume X ∈ T (P). By [4, Lemma 2.13(2)], we have
HomDb(A)(P, Y ) ∼= HomA(H0(P), Y )
∼= HomA/A(H0(P), Y )
= 0.
Thus, Y ∈ F(P) as right A-module. Note that there is a natural embedding
Ext2A/A(X,Y ) ↪→ Ext2A(X,Y ) induced by the canonical full embedding modA/A ↪→
modA. Since P is splitting, we have Ext2A(X,Y ) = 0. Thus, Ext
2
A/A(X,Y ) = 0.
Next, we claim that H0(P) is a separating tilting A/A-module.
Indeed, for any pair X ∈ F(H0(P)A/A), Y ∈ T (H0(P)A/A), it is easy to see
that X ∈ F(P) and Y ∈ T (P). Note that there is a monoic map Ext1A/A(X,Y ) ↪→
Ext1A(X,Y ). Since P is separating, Ext
1
A(X,Y ) = 0 and so Ext
1
A/A(X,Y ) = 0.
Then, the claim holds. 
By Corollary 3.15 and Proposition 5.1, one can get the following consequence.
Corollary 5.2. Let A be a finite dimensional algebra and P be a 2-term split-
ting and separating silting complex in Kb(projA). Then rep.dimEndA(H
0(P)) =
rep.dimA/A.
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